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In this study, an analytical model is developed to evaluate the bending angle in laser forming of metal
sheets. The model is based on the assumption of elastic-bending theory without taking into account plastic
deformation during heating and cooling phases. A thermal field is first established, then the thermal
component of deformation is calculated and it is used in the strain balance to evaluate the bending angle.
The basic idea is that it is possible to use a two-layer model whereas the heated layer thickness depends on
the effective temperature distribution along the sheet thickness. A comprehensive experimental study is
carried out and the main process parameters, i.e., laser power, scanning speed, sheet thickness, were varied
among several levels to evaluate the accuracy of the developed model. Model predictions were confirmed by
experimental measurements especially on materials with low conductivity. The established analytical model
has demonstrated to provide a great insight into the process parameters effects onto the deformation
mechanism within pure temperature gradient mechanism and bucking to temperature gradient transition
conditions.
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1. Introduction

Laser-forming process consists in heating a sheet (or tube)
surface by means of a laser beam generating a thermal stress
which in turn produces sheet bending. Three main deformation
mechanisms have been established for laser bending namely,
temperature gradient mechanism (TGM), buckling mechanism
(BM), and upsettingmechanism (UM) (Ref 1). The TGM implies
a rapid heating of metallic substrates with consequent low heat
conduction into thickness direction. A steep thermal gradient
originates within the material, thereby producing a differential
thermal expansion and plastic deformation through thickness. In
BM, there is an almost uniform temperature distribution along
thickness and bending can be either toward or away from laser
beam depending on process conditions. In UM, a substrate is
compressed with an almost constant strain through thickness,
causing localized shortening and an increase of local thickness
(Ref 2). The transition from one to another mechanisms is not
sharp and depends on the thermal profile occurring along sheet
thickness direction and ultimately by the characteristics of laser
beam dimension, material properties, and sheet thickness.
Particularly, TGM is dominant under conditions corresponding
to a small modified Fourier number F0 = a Æ l/(s2 Æ v) (Ref 3, 4).
Many studies have been aimed at analyzing laser bending
deformation mechanism based on experimental analysis (Ref 5,
6), analytical modeling (Ref 7-10), and finite element modeling

(Ref 11-14). Both finite element models and some analytical
models, mainly those involving numerical solution (Ref 7), allow
to evaluate the final sheet shapewith great accuracy (suchmodels
can also provide information on deviation of bending angle from
mean value along the scanning direction, side effects, stress and
strain distributions, and accurate temperature fields). The
precision of these models is further improved by the possibility
to involve temperature-dependent mechanical and physical
characteristics of material, temperature, and stress fields during
heating and cooling phases. However, FEM models are affected
by large computational effort and long calculation time (each
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Nomenclature

a Thermal diffusivity

ab Final bending angle

ath Coefficient of thermal expansion

q Material density

A Absorption coefficient

B Sheet width (orthogonal to scanning direction)

E Young modulus

K Curvature

L Sheet length (along scanning direction)

P Laser power

T Temperature

T0 Room temperature

Tup Temperature of irradiated surface

cp Heat capacity

d Laser beam length (along scanning direction)

k Coefficient of thermal conductivity

l Laser beam width (orthogonal to scanning direction)

q Absorbed power

s Sheet thickness

s1 Thickness of heated volume

t Interaction time

v Laser scanning velocity
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FEM simulation takes more than an hour on a powerful
computer) which limits their use during early design phase and
process optimization. Analytical models with numerical solution
are also affected by significant computational time especially for
evaluation of thermal field even though they require less
computational time (almost some minutes) (Ref 8, 15). In
addition, as previously mentioned, highly accurate predictions
are achieved when a detailed knowledge of temperature-
dependent mechanical and physical properties of material are
involved within the model. On the contrary, closed-form
analytical models (Ref 5, 9, 10) assume constant values of
mechanical and thermal material behavior and are they based on
some simplifications which allow to determine bending angle in
few instants. Since the pioneer model developed by Vollertsen
(Ref 5) based on elastic-bending theory, some more models have
been proposed: Yau and Chan (Ref 9) introduced the effect of
counter bending during heating and cooling, Kyrsanidi et al. (Ref
15) considered plastic bending during heating phase. The main
limit of such models is represented by a poor accuracy especially
at low scanning speeds. At this process conditions a co-existence
of BM and TGMoccurs and bending angle trend versus scanning
velocity shows a peak.

The aim of this study is to develop an analytical model
capable to evaluate the bending angle in laser forming not only
under pure TGM but also under co-existing BM and TGM.
Particularly, an analytical model is proposed and a campaign of
experiments is conducted to evaluate the accuracy of such a
model. A diode laser with rectangular spot is used and the
effects of main process parameters, i.e., laser power, scanning
speed, and sheet thickness are varied among several levels. In
addition, some data reported in literature are also taken into
account to verify the model accuracy over a wider range of
process conditions and materials. Finally, conclusions are
drawn on analytical and experimental findings.

1.1 Analytical Model

In laser bending, high gradients of temperature are gener-
ated; therefore, during the process stress-induced strain occur.
During heating phase, a sheet bends away from laser beam
because of thermal expansion of irradiated surface; while, on
the other hand, the sheet undergoes an opposite bending during
cooling phase because of contraction of irradiated surface.
During heating and cooling phases stress arise along sheet
thickness determining sheet bending; however, stress generated
during cooling phase is significantly smaller than that occurring
during heating. Different approaches have been adopted to
determine the effect of process parameters on bending angle
analytically. In the present model, a two-layer model is
assumed to determine the thermal strain and in turn the
bending angle. The attempt is to overcome the limits of
Vollertsen model (Ref 5) to accurately account the bending
angle for process conditions involving gentile temperature
gradients along the sheet thickness especially under low
scanning velocities. Such difficulty stated in the assumption
that the heated layer thickness does not depends on effective
temperature distribution along sheet thickness. The proposed
model is based on the evaluation of thermal strain generated by
laser heat flux (that is calculated with an energy balance) and
successively, the thermal strain is used to compute the bending
angle with strain balance and assuming a plane strain condition.
Since the model is based on elastic theory bending as Vollertsen
model, such model hypothesis are summarized as follows:

1. the heat loss due to convection, radiation with surround-
ing environment, and conduction with material surround-
ing the scanning path are neglected;

2. the thermal strain can be computed supposing that the to-
tal heat absorbed by the material concentrates within the
upper volume of thickness s1;

3. regardless the process conditions, the heated volume
thickness is half of the sheet thickness;

4. the strain balance allows the calculation of bending angle;
5. the deformation is uniform along scanning path direction.

Although the previously mentioned assumptions extremely
simplify the laser heating process, a good agreement with
experimental results was found for several materials and process
conditions. However, it is observed that, Vollertsen model does
not provide accurate predictions of bending angle at small
scanning speeds (Ref 5). Indeed, under given conditions the
bending angle can show a peak (indicating a prevalent BM
deformation mode) then it decreases (because of transition to
TGM) with scanning velocity, while, on the other hand,
previous models (Ref 5, 9, 10) predict a monotonic decrease
of bending angle with scanning velocity. This is due to a poor
temperature gradient along sheet thickness. Among the others,
an excessive simplification formulated by Vollertsen is the
independency of heated volume thickness by process parame-
ters. Such hypothesis is in clear contrast with both theoretical
prediction and experimental findings on temperature profile
along thickness direction. Indeed, the temperature gradient
mainly depends on scanning speed velocity and sheet thickness
other than material characteristics, laser power, and spot size.
Therefore, in the present model, the heated volume thickness s1
depends on the temperature profile generated at given process
conditions, sheet thickness, and material characteristics, as
shown in Fig. 1. According to elastic-bending theory, Vollertsen
estimated the bending angle for s1 „ s/2 as reported in Eq 1:

aB ¼ l�L s�s1ð Þ�s1�T �ath

I

I ¼ 1
12 Ls

3 þ s
2� s1
� �2

Ls

(

ðEq 1Þ

Considering that the increase of temperature DT of heated
volume is given by the external laser heat flux which

Fig. 1 Representation of two-layer model with variable heated vol-
ume thickness
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concentrates within the heated volume, DT and aB can be
calculated by Eq 2 and 3, respectively.

DT ¼ A � P
l � d � s1ð Þ �

d

v
� 1

q � cp
¼ A � P

l � s1ð Þ � v � q � cp
ðEq 2Þ

aB ¼
3AP s� s1ð Þath

s s2 � 3s � s1 þ 3s1ð Þ � qvcp
ðEq 3Þ

1.2 Evaluation of Heated Volume Thickness, s1

An approximation of heated volume thickness can be
achieved considering the thermal profile along thickness
direction generated by given treatment conditions and material.
Neglecting the heat loss due to conduction during heating
phase, a mono-dimensional heat conduction is established
along sheet thickness. Therefore, the temperature distribution
can be calculated as in Eq 4 (Ref 15):

TðzÞ ¼ T0 þ Tupe
� qcv

2k zð Þ ðEq 4Þ

To obtain a sound value of Tup, it may refer to the internal
energy distribution DU along sheet thickness that is given by
Eq 5 (whereas the thermal characteristics of material are
constant):

DU ¼
ZQ

0

dQ ¼ qcdl
Zs

0

TðzÞ dz ðEq 5Þ

Therefore, substituting the Eq 4 in 5:

Q ¼
2d 1� e�

sv qc
2k

� �

v
klTup

In addition, since the internal energy is changed due to laser
heating:

Q ¼ APt ¼ AP
d

v
ðEq 6Þ

Therefore

TðzÞ ¼ Tupe
� qcv

2k zð Þ ¼
e vqcv

2k PA

2 �1þ e
vqc
2k

� �
kl
e�

qcv
2k zð Þ

¼ AP

2kl 1� exp � qvc
2k

� �� � exp �qvc
2k

z
� �

ðEq 7Þ

The assumption made in the present model is that the heated
volume is that on which a given portion of external heating
energy, say c, concentrates on that volume, therefore, s1 is such
that it satisfies Eq 8.

ZcQ

0

dQ ¼
Zs1

0

qcdlTðzÞ dz

cQ ¼ cAP
d

v
¼

2d 1� e�
s1qc
2k

� �
klTup

v

ðEq 8Þ

Therefore

s1 ¼ 1�
2kLog �ev qc

2k ð�1þ cÞ þ c
� �

v qc
ðEq 9Þ

As can be observed, the heated volume thickness, s1,
depends on material characteristics and scanning velocity other
than the c parameter, while, on the other hand it does not
depend on the laser power. Figure 2 depicts schematically the
temperature-dependent two-layer assumptions. Indeed, the
temperature distribution along thickness direction drops expo-
nentially and all the heat absorbed by laser radiation, Q, is used
to heat up the volume under laser beam. The model assumes
that only a portion of sheet thickness s1 undergoes compressive
stress during heating (yellow portion in Fig 2b) while the
remaining s� s1 remains at initial temperature (blue portion).
Finally, an equivalent uniform temperature distribution is
assumed within the heated volume as depicted in Fig. 2c thus
the thermal stress and strain fields can be calculated by the
above equations. The developed model was validated against a
series of experimental tests and some data reported in literature
(Ref 15). In latter case, the spot size is 32 mm and laser power
ranges between 1 and 3 kW. The characteristics of materials
investigated in Ref 15 are reported in Table 1.

2. Experiments

Laser bending process was carried out on AISI 304 stainless
steel, whose thermal properties (Ref 7) are reported in Table 1.
Each experiment consisted of two steps: (i) surface laser
treatment with a single scan and (ii) measurement of bending
angle after the sheet temperature had dropped at room

Fig. 2 Schematic representation of temperature distribution along sheet thickness and equivalent step temperature profile (Color figure online)
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temperature. The samples are cut by a CO2 laser to avoid
excessive residual stress and distortions prior of laser bending;
nevertheless, to ensure a good planarity, the samples curvature
was measured before the laser treatment. Any surface coating
was realized on sheets to better replicate real industrial

conditions. A schematic representation of laser bending equip-
ment is reported in Fig. 3. The sheet is fastened in the short edge
(40 mm) and a straight laser scan is performed from one side to
the opposite in the middle of the long edge (80 mm). 1 and
2 mm thick samples were tested; therefore, the width to
thickness ratios (b/s) were 40 and 20, respectively, which were
larger than the critical value 10 which guarantees to avoid the
effect of width on final bending angle (Ref 5). A diode laser with
a maximum output power of 1,055 kW, over a minimum spot
size of 3.69 0.8 mm is used. The scanning speed was varied
between 15 and 50 mm/s while the focal position is not varied
among the experiments. A series of preliminary tests were
carried out to identify the proper technological window which
escapes an excessive surface oxidation and melting (because of
very low scanning velocity), thus the maximum laser power
550 W was adopted. For each processing condition two
replications were carried out to evaluate the variability of the
treatment and three measurements of each sample were carried
out to estimate the measurements system repeatability. The final
sample geometry was measured by means of a laboratory CMM
constituted by a numerically controlled table which moved the
sample under a short range laser sensor (26-34 mm with
nominal repeatability 6 lm) acquiring the z-position.

3. Results and Discussion

Before dealing with discussion on model results, a brief
analysis of experimental results, experiments variability, and

Table 1 Data of materials investigated

Material AISI 304 D36 AA 6013

Density, kg/m3 7850 7860 2700
Specific heat, J/kg ÆK 500 427 880
Thermal expansion (10-6/K) 17 12 25
Thermal conductivity, W/mK 19 35.1 172
Absorption coefficient 0.42 0.3 0.2

Fig. 3 Schematic illustration of straight line laser bending process

Fig. 4 Experimental measurement and models predictions of angular distortion under different process conditions on sample of thickness of
s = 1 mm (material AISI 304)
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measuring system repeatability is reported. Regardless the
process conditions, the three repetitions of bending angle
measurements on each sample provided a maximum deviation
of 0.02� thus ensuring a good repeatability of measurement
system since it was more than one order of magnitude smaller
than the minimum measured bending angle (a = 0.3� for
P = 370 W, v = 50 mm/s, s = 2 mm). Such a small value was
obtained by maximizing the distance of measuring points in
transverse direction (perpendicular to scanning-longitudinal
direction) that was of 30 mm.

Concerning the repetitions of laser bending tests, an overall
low variability was observed regardless the processing condi-
tions, the average divergence between repetitions being lower
than 5% and the maximum divergence being smaller than 20%.

3.1 Model Validation

As above mentioned, the proposed model accuracy was
evaluated by a comparison of model predictions with exper-
imental measurements performed on different materials: a
stainless steel AISI 304 and a shipbuilding steel D36. The
testing conditions such as scanning velocity, laser power, and
sample thickness are summarized in Table 2. As can be
observed the experimental conditions occurring in the devel-
oped experimental tests and those conducted in Ref 15 are
extremely heterogeneous in terms of laser power range, beam
size, irradiance scanning velocity, and sample thickness.
However, the energy flux range calculated as the product of
interaction time by irradiance is similar. In order to employ the

developed model, the c parameter is found by regression of
experimental data at different process conditions and c = 0.85
is assumed. Therefore, the heated volume thickness is such that
the 85% of absorbed power concentrates on such a volume.

The proposed model results are compared with the exper-
imental measurements as well as Vollertsen�s model under
different process conditions and are reported in Fig. 3 to 6. In
particular, Fig. 3 shows the bending angles (also referenced as
angular distortion) for AISI 304 with sample thickness of
1 mm. As can be observed, at low scanning velocities, the
angular distortion shows a peak, which generally occurs at a
scanning velocity of 30 mm/s. The occurrence of such a peak
depends on laser power, since it does not appear at low power,
i.e., 370 W. The presence of a maximum is consistent with the
results presented in Ref 15 by Kyrsanidi et al. at lower scanning
velocity, i.e., v = 2.5 mm/s whereas the process conditions
involved a co-existence of bucking mechanism and TGMs.

Fig. 5 Experimental measurement and models predictions of angular distortion under different process conditions on sample of thickness of
s = 2 mm (material AISI 304)

Table 2 Experimental conditions

Testing conditions AISI 304 D36

Power, W 370-550 1000-3000
Beam size, mm2 2.90 1024
Irradiance, W/mm2 130-190 1-3
Scanning velocity, mm/s 15-50 2-23
Sample thickness, mm 1-2 6
Interaction time, s 0.016-0.05 0.25-2.8
Energy flux, J/mm2 2.1-9.5 1-34
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The experimental trends of angular distortion are reported in
Fig. 4 with Vollertsen and the proposed model results for sheet
thickness of 2 mm. A higher sample thickness involves a
different behavior of bending angle with respect to scanning
velocity; indeed, regardless the laser power, any peak was
observed on samples with thickness of 2 mm. At the lower
scanning speed, i.e., v = 15 mm/s, the proposed model predicts
the same angular distortion of Vollertsen model, regardless the
laser power and both models predict a larger bending angle as
compared to the experimental measurements. This discrepancy
can be addressed to the simplification of neglecting of thermal
conduction towards the surrounding material that is relevant
especially at low scanning speeds since a higher interaction
time. However, the proposed model predictions yield the
experimental findings at higher scanning velocities at all process
conditions, demonstrating that the heat conduction under these
conditions is negligible. The results of the proposed model are
consistent with experimental findings regardless the scanning
velocity and sample thickness. On the other hand, Vollertsen
model is characterized by large divergence with experimental
findings especially under low speeds and thin samples, i.e.,
s = 1 mm. This is due to the assumption of constant heated
volume thickness. Indeed, at small scanning velocities, the
thermal gradient is negligible; therefore, the effective heated
volume has a thickness significantly larger than the half sample
thickness. Thus, even though the greater absorbed energy due to
higher interaction time, such an energy spreads over a larger
volume causing a smaller increase of temperature. The accuracy
of the proposed model is also evaluated by a comparison with
experimental results reported in Ref 15. The lower scanning

velocity is one order of magnitude lower than that occurring
under the above-described experimental test. Also, the transition
from BM to TGM can be appreciated as increasing the scanning
velocity and a peak of bending angle can be still observed.
However, neither Vollertsen model nor the developed model
was able to predict such a peak because of the higher heat loss
for conduction due to a larger wall thickness and material
conductivity. On the other hand, a better correspondence of
models results and experimental data are found at higher
scanning velocities, the predictions of the proposed model being
more accurate with respect to Vollertsen ones.

The experimental measurements, Vollertsen and proposed
model predictions on AISI 304 are reported in Fig. 5. Indeed,
the slope of linear regression curve of proposed model for the
thinner sample is 1.8 and it is much closer to the ideal value of
one with respect to that of Vollertsen�s model. In addition, there
is a smaller dispersion of data around the regression line as
compared to Vollertsen data. Under clear TGM conditions and
sheet thickness s = 1 mm both models better agree with
experimental findings. Indeed, the regression line slopes are
much closer to the unity, i.e., 1.27 and 1.18 for Vollertsen and
proposed model, respectively; in addition, data dispersion is
sensibly reduced and the mean square error R2 are 0.98 and
0.99, respectively (Fig. 7).

3.2 Effects of Laser-Forming Parameters

3.2.1 Temperature Field. Figure 8 depicts the tempera-
ture distribution along the sheet thickness as predicted by the
current model under different scanning speeds. As van be
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Fig. 6 Experimental measurement and models predictions of angular distortion under different process conditions on sample of thickness of
s = 6 mm (D36 steel, Ref 8)
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observed, the temperature gradient along sheet thickness
direction does not depend on the laser power (from which
depends the surface temperature) but it is more affected by
scanning speed and material characteristics. Indeed, since the
heated volume thickness s1 only depends on temperature
gradient (and not on the absolute values of temperature along
thickness), the value of s1 is not affected by the incident laser
power but rather by the scanning speed. As expected, the higher
the scanning speed, the higher the temperature gradient along
the sheet thickness and the lower the heated volume thickness
s1. Therefore a higher increase of temperature DT occurs on the
heated volume. On the other hand, the higher the scanning speed
involves a lower interaction time and then a lower energy can be
absorbed by the sheet. These opposite phenomena determines
the occurrence of the peak of bending angle for low scanning
speed in the transition conditions from BM to TGM. In addition,
under medium-high scanning velocities, the thickness of heated
volume may not depend on sheet thickness. Indeed, as shown in
Fig. 8(b) if the sample thickness is larger than 0.5 mm, the
heated volume is localized within a layer 0.4 mm thick
regardless the sample thickness. Therefore, the heated volume
thickness, s1, to take into account cannot depend on the sample
thickness in clear contrast with Vollertsen�s assumption.

3.2.2 Deformation Field. The variation of final angular
distortion with laser source speed under different laser powers
and different thicknesses is reported in Fig. 9 for a specimen of

AISI 304. A peak of bending angle is shown on sheet sample
with smaller thickness. The occurrence of such a peak does not
depend on laser power, but rather on sheet thickness. Referring
to Fig. 9, the peak of the angular distortion moves towards
lower values of scanning velocity as the sheet thickness
increases and it is not exhibited on thicker sheets, i.e.,
s = 1.25 mm and s = 1.50 mm. As previously mentioned, the
occurrence of a peak in the angular distortion characterizes the
transition from BM to TGM deformation mechanisms. Given a
laser beam spot size, the coexistence of BM and TGM
deformation mechanisms extends to high values of scanning
velocity, i.e., v = 40 mm/s in a sheet of thickness s = 0.75 mm,
while an increase of 30% of thickness, i.e., s = 1.0 mm
determines a reduction of such transition zone which is reduced
to a scanning velocity of 20 mm/s. A further increase of sheet
thickness, i.e., s = 1.25 mm and s = 1.50 mm determined the
complete disappearing of such transition zone and the trend of
bending angle is monotonically descendent with scanning
velocity indicating a pure TGM deformation mechanism
(Fig. 10).

3.2.3 Application of Proposed Model on High Conduc-
tive Materials. An additional campaign of experimental tests
was conducted on AA 6013 aluminum alloy to evaluate the
model accuracy on such a high conductive material. In this
case, the experimental tests were conducted under a scanning
speed varying between 10 and 100 mm/s and a laser power
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between 200 and 1000 W. Thermal properties of AA 6013 are
reported in Table 2. The experimental measurements of bend-
ing angle, Vollertsen and proposed model predictions are
reported in Fig. 11. As can be noted, regardless the processing
conditions both models overestimate the bending angle and a
very high divergence is shown from models predictions as
compared to experimental findings under low scanning speeds
and thick samples. Conversely, at higher speeds both models
predict the bending angles with higher accuracy the proposed
one being closer to experimental measurements. Finally, while
Vollertsen model completely fails to predict the bending angles
under slow scanning speeds and thin samples as shown in
Fig. 11(a) to (c), the proposed model agrees relatively well with
experimental measurements. The main cause of this deviation
has to be searched on the assumption of neglecting heat
conduction towards surrounding material. Indeed, especially

under low speed, high power and thick samples, high heat
conduction should be included in the calculation on tempera-
ture profile along thickness.

4. Conclusions

A closed-form analytical model is developed to evaluate the
distortion angle after laser-forming process. A series of
experimental tests on AISI 304 stainless steel are conducted
by varying the laser power, scanning speed, and sample
thickness among several values to investigate the developed
model accuracy at very different conditions. In addition, some
data reported in literature on a different material (Shipbuilding
D36 steel) are also used to evaluate the model accuracy over a

Fig. 10 Variation of the final angular distortion with the laser source speed at different laser powers as predicted by proposed model on sam-
ples of AISI 304 with different thicknesses. (a) s = 0.75 mm, (b) s = 1.00 mm, (c) s = 1.25 mm, (d) s = 1.50 mm
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wide range of process conditions. The proposed model is
capable to evaluate the bending angle under pure TGM
conditions and BM to TGM transition conditions. The peak
of bending angle versus scanning velocity which was found in
literature and experimental tests was effectively predicted by
the proposed model. On the other hand, from the test conducted
on aluminum alloy, it was demonstrated that, on high
conductive materials, the present model is much more accurate
than Vollertsen�s but its employment is limited to a qualitative
estimation of bending angle, such a limit being related to the
large amount of heat conduction that the model does not
account. Regarding process conditions producing pure TGM
deformation mechanism, the model has demonstrated to
accurately describe the dependency of final bending angle on
both AISI 304 and D36 steels. The beneficial of such a model is
represented by the closed formulation which permits to estimate
the final bending angle without recurring to numerical integra-
tion and therefore the computing time is extremely short.
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